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Nonlinear front evolution of hydrodynamic chemical waves in vertical cylinders
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The nonlinear stability of three-dimensional reaction-diffusion fronts in vertical cylinders is considered
using the viscous hydrodynamic fluid equations in the limit of infinite thermal diffusivity. A nonlinear front
evolution equation is presented and used to examine the transition from nonaxisymmetric to axisymmetric
convection observed in experiments performed in cylinders. Comparisons with experiments show excellent
agreement in both the shape and speed of the front.@S1063-651X~97!13409-2#

PACS number~s!: 47.20.Bp, 03.40.Gc
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I. INTRODUCTION

Autocatalytic reaction fronts are of interest in many field
In systems such as iodate-arsenous acid mixtures, the
thermic front converts unreacted fluid at one density int
reacted fluid at a lower density. Experimental work on su
systems@1,2# has demonstrated the existence of fronts w
constant curvature, moving at constant speeds. The curva
of these fronts is due to the presence of steady convec
fluid motion near the reaction front. This motion is due to t
hydrodynamic instability of the system, which may ari
from thermal or compositional effects, acting either se
rately or in concert. One source of such an instability is
density difference occasioned by the chemical differen
between the reacted and unreacted fluids. Among the m
who have contributed to the exploration of convective fro
are Bazsa and Epstein@3# who reported in 1985 on the effec
of convection on fronts, and Nagypalet al. @4# in 1986. With
the arsenous-acid system, the reacted fluid has a lower
sity than the unreacted fluid if measured at the same re
ence temperature. When ascending fronts are considered
density difference results in the lighter~reacted! fluid being
below the heavier~unreacted! fluid, setting up an instability
that is similar to the classical Rayleigh-Taylor instabilit
Hydrodynamic instability can also result from the exoth
mic nature of the chemical reaction, which results in t
front acting as a heat source. When upward propaga
fronts are considered, this heat source results in the fl
below the front being hotter than the fluid far above t
front. If the temperature difference is large enough, the d
sity gradients induced by this difference can result in
Rayleigh-Bénard-like instability. Depending on the physic
system of interest, either one or both of these causes o
stability can be important. As shown in a previous work@5#,
thermal effects are of less importance than the compositio
difference between the reacted and unreacted fluids in
case of the iodate-arsenous acid system. As a result, onl
relevant limiting case of infinite thermal diffusivity will be
considered.
561063-651X/97/56~3!/3016~4!/$10.00
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In previous works on this system@6,7# the authors derived
front evolution equations for the system and reported
results of simulations for a laterally unbounded system@6#,
as well as bounded two-dimensional geometries@7#. These
front evolution equations, which are similar in nature
those used in studies of flame propagation@8#, greatly facili-
tate the study of these complex systems by reducing the
mensionality of the partial differential equation systems t
must be considered to model the phenomena. The resul
these earlier studies motivated the derivation of a front e
lution equation for the three-dimensional flow in a vertic
cylinder to study the hypothesized transition from nona
symmetric to axisymmetric convection in this system. Th
transition was suggested by experimental observation of
ther axisymmetric or nonaxisymmetric fronts depending
the diameter of the capillary tube in which the experime
were performed@2#. The transition was also suggested by t
results of previous studies in simpler geometries@7#.

II. EQUATIONS OF MOTION

The full model for this system@9# involves the standard
viscous hydrodynamic equations for both the reacted
unreacted fluids, with appropriate jump conditions impos
at the interface. In addition, a modified eikonal equation
scribes the normal velocity of the front in terms of its curv
ture and the fluid velocity@10#. If one applies the asymptotic
analysis described in Ref.@6# to this model, one arrives at
nonlinear front evolution equation in a cylindrical geomet
given by
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]F0

]r
50, r 51, ~1b!

whereF0 represents the deviation of the front from a plan
geometry in a nondimensional form where we have u
length and time measured in units ofa and a2/n, wherea
represents the tube radius.

Since a planar front would propagate with a speedc0 ,
which is easily obtained from experiments, the asympto
yield a dimensioned speed for the nonplanar front given
c01(n/a)]F0 /]t. In Eq. ~1a!, DC5DC /n andv05ac0 /n,
whereDC is the chemical diffusivity andn is the fluid vis-
cosity. The last term on the right-hand side is the verti
component of the fluid velocity evaluated at the front, and
obtained from solving the following system:
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where vW (x,z)5u0(r ,u,z)rŴ1v0(r ,u,z) û1w0(r ,u,z)zŴ, G
5ga3/n2, with g being the acceleration of gravity and th
notation @q#2

1 denotes the jump inq across the interface
between the reacted and unreacted fluids. The parameted in
Eq. ~2f! is the relative density difference between the un
acted and the reacted fluids.

Equation ~1a! represents a nonlinear equation for t
propagation of the front, which is coupled to the fluid flo
only through the last term on the right-hand side, which
the vertical velocity of the fluid at the front. Equations~2a!–
~2f! can be solved to findw0(r ,u,0,t), to be used in Eq.~1a!.

The problem of determiningw0(r ,u,0,t) can be simplified
by doing a mode expansion of the fluid velocities and rela
quantities. In doing so, there is an axisymmetric and non
symmetric portion of the variables. The problem associa
with the axisymmetric portion of the fluid velocity reduces
that of solving the linear stability problem of axisymmetr
flow in a cylinder with the exception that the jump conditio
on the pressure is determined by the solution of Eq.~1a! at
the previous time step instead of being given by the solu
of a linearized version of~1a! as would be done in the linea
stability problem. This was considered in a previous wo
@7#, with the details of the method given in Ref.@11#.

The nonaxisymmetric portion of the problem similarly r
duces to that of the linear stability of nonaxisymmetric flo
in a cylinder with the same difference in the specification
the jump condition on the pressure as discussed above. A
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performing the mode expansion, the appropriate eigenfu
tions can be obtained as discussed in Ref.@12#.

Since we are interested in studying the transition fro
nonaxisymmetric to axisymmetric convection, and since
previous work@12# found that the onset of convection in
volved modem51 ~i.e., functional dependence of the sol
tions on cosu and sinu!, we assume

F0~r ,u,t !5 f ~0!~r ,t !1 f c
~1!~r ,t !cosu1 f s

~1!~r ,t !sinu,
~3a!

w0~r ,u,z,t !5w~0!~r ,z,t !1wc
~1!~r ,z,t !cosu

1ws
~1!~r ,z,t !sinu, ~3b!

and analogous forms for the other dependent variables. S
stitution into Eqs.~1! and separation of the different mode
lead to
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and where the necessary fluid velocities are determined
described above~see Refs.@11# and @12# for details!. The
solution procedure is then as follows: given some initial co
ditions for f (0), f c

(1) , and f s
(1) , we computew(0), wc

(1) , and
ws

(1) . These are then used in Eqs.~4!, and the front position
at the next time step computed using a standard explicit fi
differencing of Eqs.~4!, as has been used previously f
similar front evolution equations@6,7#.

III. RESULTS AND DISCUSSION

In the results reported below, we have usedDC52.0
31025 cm2/s, n59.231023 cm2/s, d50.8731024, and
except where noted,c052.9531023 cm/s. The time step
and cell discretization size arising from the finite differen
ing of Eqs. ~4! were adjusted to ensure the accuracy a
convergence of the solutions. It was observed that after
decay of transients due to the initial conditions, the fro
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assumed a constant shape and speed. It is interesting to
that the linear stability theory predicted that the onset
convection in a cylinder should be nonaxisymmetric@11#,
while the original experimental work on this system show
only axisymmetric fronts in cylinders@1#. The nonaxisym-
metric nature of the front was also predicted by Pojman
Epstein@13#, though for a simplified system. Recent expe
mental results@2# have shown that near the onset of conve
tion the fronts are nonaxisymmetric, with axisymmet
fronts observed in cylinders with a diameter of 0.23 cm a
larger.

Figure 1 shows the computed steady speed of
constant-shape fronts, which evolve from the above mo
after transients due to the random initial conditions have
cayed. Note that we have converted back to dimensio
units after reconstructing the front using Eqs.~3! to facilitate
comparison with experiments. Shown in the figure are
results of only allowing axisymmetric fluid flow~dotted
trace!, only allowing nonaxisymmetric flow~dot-dashed
trace!, and the full calculation where the system is allowed
evolve without any such constraints~solid trace!. Also
shown are the experimental results from Ref.@2# when the
front was flat~diamond!, nonaxisymmetric~downward point-
ing triangles!, and axisymmetric~upward pointing triangle!.
We note in this figure the strikingly good agreement betwe
the experimental and computed front velocities. We also n
the influence of axisymmetric convection on the speed of
front prior to reaching the tube diameter corresponding to
onset of axisymmetric convection in the absence of the n
axisymmetric modes. This is obviously the result of the no
linearities in the problem.

Figure 2 shows a comparison of an experimentally
served front@Fig. 2~a!# reported in Ref.@2# and one obtained
computationally@Fig. 2~b!# when the tube diameter is 0.1
cm. Also shown in this figure is a front obtained compu

FIG. 1. Comparison of theoretical calculations for a cylind
with experimental measurements of the front speed as a functio
tube diameter in vertical capillary tubes. Solid diamonds repres
experimentally observed flat fronts; solid downward-pointing
angles represent nonaxisymmetric observed fronts, and s
upward-pointing triangles represent axisymmetric observed fro
Shown are results of computations only allowing axisymme
fluid flow ~dotted trace!, only allowing nonaxisymmetric flow
~chain-dashed trace!, and the full calculation where the system
allowed to evolve without any such constraints on the nature of
fluid flow ~solid trace!.
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tionally when the tube diameter is 0.23 cm@Fig. 2~c!#, which
shows the axisymmetric shape reported in the literature
this diameter.

Such close agreement between the speed and shape
fronts as evidenced by Figs. 1 and 2 is especially surpris
since the parameter values used are in some cases only
mates~e.g.,DC52.031025 cm2/s, n being that of pure wa-
ter, etc.!; no fitting of the model parameters to the expe
mental data was necessary. This simplified model seem
have accurately captured the transition from nonaxisymm
ric to axisymmetric convection. As can be seen from Fig.
there is a crossover region that represents a mixed-mode
lution. The shape of the fronts observed experimentally
this region@Fig. 2~a!, for example# supports this since it is
obviously neither purely axisymmetric nor nonaxisymmetr
but a mixture of the two.

As a further test of the theory, we can use the data av
able from a recent work@2# on the speed of nonaxisymmetr
fronts in a cylinder~of diameter 0.14 cm! as a function of
iodate concentration. In our model, we can writed51.74
31022M 21@ IO3

2#.2 From reaction-diffusion theory, the
speed of the convectionless front is given byc05aT
1bT@ IO3

2#, where aT57.4531026 cm s21 and bT
50.373 cm s21 M 21 @2#. A recent work found experimenta

FIG. 3. Shown is the front speed as a function of iodate conc
tration. Represented by solid~open! triangles are experimental re
sults for upward~downward! propagation in tubes, as well as th
theoretical predictions for upward propagation, solid line.
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FIG. 2. Shown are an experimental front in a tube with diame
0.16 cm~a!, a computed front in a tube of diameter 0.16 cm~b!, and
a computed front in a tube of diameter 0.23 cm~c!.
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56 3019NONLINEAR FRONT EVOLUTION OF HYDRODYNAMIC . . .
values of aE54.6931024 cm s21 and bE50.357
cm s21 M 21 @2#. These results are shown in Fig. 3 where t
open triangles represent the experimental speeds for the
vectionless fronts~downward propagation of the front!. Also
shown are the experimentally observed front speeds w
convection was present~upward propagation, solid triangles!
and the results of our numerical calculations~solid trace!
using the values ofc0 found experimentally. The agreeme
evidenced in this figure between experimental and comp
tional front speeds helps to further validate the model.
note that while not discussed in the experimental literatur
transition is also observed from nonaxisymmetric to axisy
metric convection as the iodate concentration is varied. T
is not surprising since the iodate concentration affects
parameterd, which in turn affects the stability properties o
the underlying fluid flow. By changing the iodate concent
tion we are thus changing the length scale associated
the problem, and thereby allow the observation of a tran
tion from nonaxisymmetric to axisymmetric convectio
even though the diameter of the tube is fixed.

IV. CONCLUSIONS

A front evolution equation for chemical waves in a cyli
drical geometry has been presented. In a region near
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reacting front, asymptotics reduce the hydrodynamic eq
tions to a linear system, which is solved for the fluid veloc
at the front in terms of the front position. When this is us
in the nonlinear equation describing the front’s evolution, t
result is a single equation involving the front position, whi
also contains the essential hydrodynamics of the system.
culations predict experimental observations in tubes near
onset of convection, as well as sufficiently far away from t
onset such that the observed convection is axisymme
This simplified model accurately predicts the shape a
speed of the front, without having to solve the very comp
cated three-dimensional nonlinear Navier-Stokes equati
It also captures the transition from nonaxisymmetric to a
symmetric convection observed in experiments. This met
should also prove useful in other reaction-diffusion syste
involving front propagation.
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